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Ingredients of supergravity
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Key words supergravity, superstrings.
These notes give a summary of lectures given in Corfu in 2010 on basic ingredients in the study of super-
gravity. It also summarizes initial chapters of a forthcoming book ‘Supergravity’ by the same authors.
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The lectures on ‘Supergravity’ in Corfu were inspired by a forthcoming book [1]. They gave a summary
of the first chapters of that book.
The main ingredients of supersymmetry can be seen from the first supersymmetric field theory as written
in [2, 3]. A scalar field A(x) transforms into a fermion ψ(x) with a spinor parameter ǫ:
δ(ǫ)A(x) = ǫ¯ψ(x) . (0.1)
Since scalars have engineering dimension 1, and fermions have dimension 3/2, the parameter should have
dimension −1/2. Therefore in the transformation of the fermion into the boson, one should have a deriva-
tive (if no negative dimension objects are introduced). The transformation should thus be of the form
δ(ǫ)ψ(x) = γµǫ∂µA(x) . (0.2)
Details will be discussed later, but the general form leads to the idea that the commutator of two supersym-
metry transformations is a translation
[δ(ǫ1), δ(ǫ2)] = ǫ¯2γ
µǫ1∂µ , (0.3)
or with Q the operator of supersymmetry, and Pµ the one of translations, this gives a relation of the form
{Q,Q} = γµPµ.
The general philosophy of the successes of field theory in the 70’s was the idea that symmetries should
be promoted to local symmetries. When this is done with the supersymmetry algebra, the gauge theory of
translations appears and therefore the theory contains gravity, i.e. supergravity [4]. Supergravity is a basic
tool in the study of string theory. The AdS/CFT ideas, allow to study non-perturbative field theories based
on dualities with supergravity solutions. Phenomenological models in high-energy physics are developed
as supergravity theories based on compactifications on Calabi-Yau manifolds. Also many cosmological
models use a supergravity limit of string theory. Supergravity allows also to study objects like black holes,
cosmic strings, domain walls, ..., as solutions of field equations of local supersymmetric actions.
1 Scalar field theory and its symmetries
Transformations of the Poincare´ group act on spacetime points as
xµ = Λµνx
′ν + aµ . (1.1)
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We are mainly concerned with infinitesimal transformations and thus expand the parameters of the Lorentz
transformations as
Λµν = δ
µ
ν + λ
µ
ν +O(λ2) . (1.2)
The generators related to the parameters λµν satisfy the algebra (we use the metric with signature (− +
. . .+))
[m[µν],m[ρσ]] = ηνρm[µσ] − ηµρm[νσ] − ηνσm[µρ] + ηµσm[νρ] . (1.3)
This algebra is satisfied by the differential operators
L[ρσ] ≡ xρ∂σ − xσ∂ρ . (1.4)
These are used in the definitions of the transformations of scalars using rule φ(x) = φ′(x′):
φ(x)→ φ′(x) = U(Λ)φ(x) = φ(Λx + a) , U(Λ) ≡ e− 12λρσL[ρσ] . (1.5)
For fields that are not scalars, Lorentz transformations require matrices m[µν] that act on the different
components and the full transformation is
ψ(x)→ ψ′(x) = U(Λ)ψ(x) = e− 12λρσm[ρσ]ψ(Λx+ a) . (1.6)
In general, symmetries with constant parameters ǫA can be written using operators ∆A, such that
δφi(x) ≡ ǫA∆Aφi(x) . (1.7)
The Lagrangian is not necessarily invariant, but can transform into a total derivative
δL ≡ ǫA
[
δL
δ∂µφi
∂µ∆Aφ
i +
δL
δφi
∆Aφ
i
]
= ǫA∂µK
µ
A . (1.8)
This leads to conserved currents (using the Euler-Lagrange equations as indicated by ≈ 0)
JµA = − δL
δ∂µφi
∆Aφ
i +KµA , ∂µJ
µ
A ≈ 0 . (1.9)
2 The Dirac field
The Dirac field equation is
/∂Ψ(x) ≡ γµ∂µΨ(x) = mΨ(x) , (2.1)
where the defining equation for gamma matrices is
{γµ, γν} ≡ γµγν + γνγµ = 2 ηµν . (2.2)
For Lorentz transformations the matrix m[µν] in (1.6), which satisfies the Lorentz algebra, is
Σµν ≡ 14 [γµ, γν] . (2.3)
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3 Clifford algebras and spinors
We study in this chapter the gamma matrices that satisfy (2.2) in various spacetime dimensions. These
determine the properties of the spinors in the theory and of the supersymmetry algebra. We first want to
know the size of the smallest spinors in each dimension, whether they can be chosen to be real. Furthermore
we want to know which spinor bilinears are symmetric or antisymmetric in the two spinors. The latter is
important since they will occur in any superalgebra, similar to (0.3). For the latter to be consistent we need
ǫ¯1γ
µǫ2 = −ǫ¯2γµǫ1 . (3.1)
We always use gamma matrices that satisfy
γµ† = γ0γµγ0 . (3.2)
Thus for spacelike µ they are Hermitian. For even dimensions D = 2m, we define
γ∗ ≡ (−i)m+1γ0γ1 . . . γD−1 , (3.3)
which satisfies γ2∗ = . E.g. for D = 4 we have γ∗ = iγ0γ1γ2γ3. These are used to split spinors in
left-handed and right-handed ones using projection operators
PL =
1
2 ( + γ∗) , PR =
1
2 ( − γ∗) . (3.4)
The full Clifford algebra also contains gamma matrices that are antisymmetric in multiple indices. They
are defined by
γµ1...µr = γ[µ1 . . . γµr ] , e.g. γµν = 12γ
µγν − 12γνγµ , (3.5)
Since symmetries of spinor bilinears as in (3.1) are important for supersymmetry, we use the Majorana
conjugate to define λ¯
λ¯ ≡ λTC . (3.6)
C is a matrix such that Cγµ1...µr are all symmetric or antisymmetric, depending only on D (modulo 8)
and r (modulo 4):
λ¯γµ1...µrχ = trχ¯γµ1...µrλ , tr = ±1 . (3.7)
For general spinors (3.6) differs from the Dirac adjoint Ψ¯ ≡ Ψ†iγ0, but we will see below that it agrees for
certain types of spinors that are called Majorana spinors. The values of tr are constrained by consistency
conditions in any dimension. E.g. for D = 2, 3, 4 mod 8, which we will mainly use in these lectures one
can use t0 = t3 = 1, t1 = t2 = −1. These sign factors also determine the adjoint of composite expressions
of spinors and gamma matrices, i.e.
χ = Γ(r1)Γ(r2) · · ·Γ(rp)λ =⇒ χ¯ = tp0tr1tr2 · · · trp λ¯Γ(rp) · · ·Γ(r2)Γ(r1) . (3.8)
When we need spinor indices, we contract them always in NW-SE convention, using Cαβ , which are the
components of CT and Cαβ , which are the components of C−1, such that λα are the components of a
spinor λ and λα are those of λ¯:
λα = Cαβλβ , λα = λβCβα . (3.9)
The components of ordinary gamma matrices are written as (γµ)αβ , whose indices can be raised or lowered
with the same rules to get to symmetric or antisymmetric matrices:
(γµ)αβ = (γµ)α
γCγβ = −t1(γµ)βα . (3.10)
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Complex conjugation can be replaced by an operation called charge conjugation. The latter acts as
complex conjugation on scalars, and has a simple action on fermion bilinears.1 For example, it preserves
the order of spinor factors. For all practical purposes one can consider the charge conjugate λC as the
complex conjugate of the spinor λ. For a spinor bilinear, using a matrix in spinor space M , we have
(χ¯Mλ)∗ ≡ (χ¯Mλ)C = (−t0t1)χCMCλC . (3.11)
Thus one only has to know the charge conjugate of matrices in spinor space, e.g.
(γµ)
C = (−t0t1)γµ , (γ∗)C = (−)D/2+1γ∗ . (3.12)
A priori a spinor has 2Int[D/2] (complex) components. We saw already that for even dimensions they
can be reduced by a factor 2 using the projections (3.4). These define Weyl spinors. In some dimensions
(and spacetime signature, but we will always assume Minkowski signature here) there are reality conditions
ψ = ψC , consistent with Lorentz algebra. This defines Majorana spinors. The consistency condition for
this definition can be expressed in terms of the sign factors in (3.7) as t1 = −1. With (3.4) and (3.12) it
is easy to see that such a reality condition can only be consistent with a chiral projection if D = 2 mod
4 (and due to t1 = −1 in fact D = 2 mod 8). When we can define real chiral spinors, we call them
Majorana-Weyl. This leads in D = 10 to spinors with only 16 real components. In D = 4 both Majorana
spinors and Weyl spinors have 4 real components. It is equivalent to write fermions in terms of Majorana
spinors ψ or in terms of the Weyl spinors PLψ:
(PLψ)
C = PRψ , (PRψ)
C = PLψ . (3.13)
In dimensions with t1 = 1 one can define reality conditions for doublets of spinors
χi = εij(χj)C . (3.14)
This defines symplectic Majorana-Weyl spinors. But this does in fact not diminish the minimal number
of real components. E.g. for D = 5 the minimal spinor has either as Dirac spinor or as symplectic-Weyl
spinor 8 real components.
4 The Maxwell and Yang-Mills Gauge Fields
Maxwell fields with gauge transformations δAµ = ∂µθ(x) couple typically to complex fields like spinors
that transform like δψ = iqθψ. The standard actions are then of the form
S[Aµ, Ψ¯,Ψ] =
∫
dDx
[− 14FµνFµν − Ψ¯(γµDµ −m)Ψ] ,
DµΨ ≡ (∂µ − iqAµ)Ψ , Fµν ≡ ∂µAν − ∂νAµ . (4.1)
In many supersymmetric theories several Abelian gauge vectors AµA, A = 1, . . . ,m, appear and the
generalized electromagnetic duality transformations play an important role. These apply in general actions
for D = 4 of the form
L = − 14 (Re fAB)FAµνFµν B + 18εµνρσ(Im fAB)FAµνFBρσ , ε012(D−1) = 1 , ε012(D−1) = −1 ,
(4.2)
where fAB is a complex matrix that may depend on scalar fields in the theory. Using notations with
(anti)self-dual tensors
F±Aµν ≡ 12
(
FAµν ± F˜Aµν
)
, F˜µν = − 12 iεµνρσFAρσ , (4.3)
1 In terms of complex conjugate, the charge conjugate of a spinor is λC ≡ it0γ0C−1λ∗.
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the Bianchi identities and field equations can be written in a similar form:
∂µ ImFA−µν = 0 , ∂µ ImG
µν −
A = 0 , (4.4)
where
GµνA ≡ εµνρσ
δS
δF ρσ A
, Gµν −A = ifABF
µν −B . (4.5)
A priori, the equations (4.4) seem to be invariant under general real linear transformations
(
F ′−
G′−
)
= S
(
F−
G−
)
≡
(
A B
C D
)(
F−
G−
)
. (4.6)
The compatibility with (4.5) requires that S is a symplectic matrix, and that simultaneously the matrix fAB
transforms as
if ′ = (C + iDf)(A+ iBf)−1 . (4.7)
We thus conclude that the duality transformations in 4 dimensions are transformations in the symplectic
group Sp(2m,R). [5]
5 The free Rarita-Schwinger field
Massless spin 3/2 fields are described by spinor-vectorsΨµ(x) that transform with a local spinorial param-
eter as δΨµ(x) = ∂µǫ(x). The action that gives the right propagating degrees of freedom is
S = −
∫
dDx Ψ¯µγ
µνρ∂νΨρ . (5.1)
Its field equation, γµνρ∂νΨρ = 0 is equivalent to
γµ(∂µΨν − ∂νΨµ) = 0 , (5.2)
and after choosing a gauge fixing leads to solutions in terms of (D − 3)2[D2 ] initial conditions.
It is useful to remind that there are two countings of the number of degrees of freedom (dof) of fields:
on-shell counting: is the number of helicity states, and can be obtained by counting the number of
independent initial conditions for the field equations divided by 2 (since these are coordinates and
momenta).
off-shell counting: is the number of field components− the number of gauge transformations.
While real scalars have 1 dof in both countings, a real spinor has 2[D/2] off-shell, and half of these on-shell
dof. A massless vector has D− 1 off-shell and D− 2 on-shell dof. For the massless Ψµ field we find here
(D − 1)2[D2 ] off-shell and 12 (D − 3)2[
D
2 ] on-shell dof. The graviton field has 12D(D − 1) off-shell and
1
2D(D − 3) on-shell dof.
6 N = 1 global supersymmetry in D = 4
The (classical) supersymmetry algebra is the completion of the Poincare´ group with spinorial generators
Qα that satisfy anticommutation relations
{Qα, Qβ} = − 12 (γµ)αβPµ . (6.1)
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The supersymmetry transformations with constant spinor parameters can be written as δ(ǫ) = ǫ¯Q = ǫαQα,
and Pµ is classically realized on fields as ∂µ. A basic realization of this algebra is the chiral multiplet with
complex scalar fields Z and F , and Majorana spinor χ (or its chiral projection PLχ):
δ(ǫ)Z =
1√
2
ǫ¯PLχ , δ(ǫ)PLχ =
1√
2
PL(/∂Z + F )ǫ , δ(ǫ)F =
1√
2
ǫ¯ /∂PLχ . (6.2)
The simplest actions are those with kinetic terms and potential terms:
S = Skin + SF + SF¯ , (6.3)
Skin =
∫
d4x[−∂µZ¯∂µZ − χ¯/∂PLχ+ F¯F ] , SF =
∫
d4x[FW ′(Z)− 12 χ¯PLW ′′(Z)χ] ,
where F (Z) is a holomorphic function, called the superpotential.
We present the ‘gauge multiplet’ for non-Abelian gauge fields. The action, supersymmetry and gauge
transformations are
Sgauge =
∫
d4x
[− 14FµνAFAµν − 12 λ¯AγµDµλA + 12DADA] ,
δAAµ = − 12 ǫ¯γµλA + ∂µθA + θCAµBfBCA ,
δλA =
[
1
4γ
µνFAµν +
1
2 iγ∗D
A
]
ǫ+ θCλBfBC
A , (6.4)
δDA = 12 i ǫ¯γ∗γ
µDµλ
A + θCDBfBC
A , Dµλ
A ≡ ∂µλA + λCAµBfBCA .
fBC
A are the structure constants of the gauge group, which commutes with supersymmetry, but enters in
the commutator of two supersymmetries:
[δ(ǫ1), δ(ǫ2)] = − 12 ǫ¯1γνǫ2∂ν + δ
(
θA = 12 ǫ¯1γ
νǫ2Aν
A
)
. (6.5)
The right-hand side is called a ‘gauge-covariant translation’. The gauge multiplet can be coupled to chiral
multiplets transforming in a representation of the gauge group. In that case, some supersymmetry transfor-
mations of the chiral multiplet are modified:
δ(ǫ)PLχ =
1√
2
PL( /DZ + F )ǫ , δ(ǫ)F =
1√
2
ǫ¯ /DPLχ− ǫ¯PRλAtAZ , (6.6)
where θAtAZ is the gauge transformation of the scalar field, and Dµ = ∂µ − AµAtA are the gauge-
covariant derivatives. Also in the action (6.3) ordinary derivatives are replaced by covariant derivatives,
and supersymmetry requires an extra coupling term
Scoupling =
∫
d4x
[
−
√
2(λ¯AZ¯tAPLχ− χ¯PRtAZλA) + iDAZ¯tAZ
]
. (6.7)
7 Differential geometry
For gravity we have to provide spacetime with a possibly nontrivial metric gµν(x). In any point of space-
time, this can be brought to a standard form using a ‘frame field’ eaµ(x):
gµν(x) = e
a
µ(x)ηabe
b
ν(x) . (7.1)
In gravity theories with fermions, we have to make use of these frame fields. The Levi-Civita alternating
symbol written in one or the other indices are related by
εµ1µ2···µD ≡ e−1εa1a2···aDea1µ1ea2µ2 · · · eaDµD ,
εµ1µ2···µD ≡ e εa1a2···aDeµ1a1 eµ2a2 · · · eµDaD , (7.2)
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where e = det eaµ, while for all other vectors or tensors the components are related by equations of the
type Vµ = eaµVa.
Differential forms offer often a convenient way to write field theories. We define the connection between
components, p-forms and their exterior derivatives by
ω(p) =
1
p!
ωµ1µ2···µpdx
µ1∧dxµ2∧. . . dxµp , dω(p) = 1
p!
∂µωµ1µ2···µpdx
µ∧dxµ1∧dxµ2∧. . . dxµp .
(7.3)
The frame fields allow to write a local basis of 1-forms ea ≡ eaµ(x)dxµ. These are used to define the
Hodge duals of p-forms as (D − p)-forms
∗ea1 ∧ . . . eap = 1
q!
eb1 ∧ . . . ebqεb1···bqa1···ap . (7.4)
These definitions lead to the expression
∫
∗ω(p) ∧ ω(p) = 1
p!
∫
dDx
√−g ωµ1···µpωµ1···µp , (7.5)
which can be used to write a generalization of the Maxwell action as
Sp = − 12
∫
∗F (p+1) ∧ F (p+1) , F (p+1) ≡ dA(p) . (7.6)
The p = 1 case is the Maxwell field. The field equations and Bianchi identities for F p+1 can be interpreted
as Bianchi identities and field equations for ∗F p+1, which can therefore be interpreted as the field strength
of a (D−p−2)-form. This implies that such actions for p-forms and for (D−p−2)-forms are equivalent.
This is the generalization of the electric-magnetic duality of Maxwell fields in 4 dimensions, where the
electric 1-form is transformed to a magnetic 1-form. Further, for 4 dimensions it implies that an action
(7.6) for an antisymmetric tensor (2-form) is equivalent to a scalar action. In higher dimensions, this is,
however, not the case, and 3-forms are essential to construct D = 11 supergravity.
For supergravity one must use covariant derivatives. They involve connections that are gauge fields for
the Lorentz transformations, i.e. ωµab = −ωµba such that under the infinitesimal transformations of (1.2),
δωµ
ab = ∂µλ
ab − λacωµcb + ωµacλcb, as appropriate for a gauge field for the algebra (1.3). Furthermore,
there is an affine connection Γρµν determined by the vielbein postulate
∇µeaν = ∂µeaν + ωµabebν − Γσµνeaσ = 0 . (7.7)
‘Torsion’ is the antisymmetric part of Γ. In form language
dea + ωab ∧ eb ≡ T a = 12Tµνadxµ ∧ dxν , Γρµν − Γρνµ = Tµνρ . (7.8)
We can split these connections in the metric-part and the torsion-dependent part:
ωµ
ab = ωµ
ab(e) +Kµ
ab , ωµ
ab(e) = 2eν[a∂[µeν]
b] − eν[aeb]σeµc∂νeσc ,
Kµ[νρ] = − 12 (T[µν]ρ − T[νρ]µ + T[ρµ]ν) ,
Γρµν = Γ
ρ
µν(g)−Kµνρ , Γρµν(g) = 12gρσ(∂µgσν + ∂νgµσ − ∂σgµν) . (7.9)
The curvature tensor can be defined from both connections, and an integrability condition on (7.7) implies
that these are related by changing indices in the conventional way:
Rµνab ≡ ∂µωνab − ∂νωµab + ωµacωνcb − ωνacωµcb ,
Rµν
ρ
σ ≡ ∂µΓρνσ − ∂νΓρµσ + ΓρµτΓτνσ − ΓρντΓτµσ , Rµνρσ = Rµνabeaρebσ . (7.10)
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8 The first and second order formulations of general relativity
General relativity is well-known for bosonic fields, but there are several subtleties when fermions are
involved. Let us consider
S = S2 + S1/2 =
∫
dDx e
[
1
2κ2
eµae
ν
bRµν
ab − 1
2
Ψ¯γµ∇µΨ+ 1
2
Ψ¯
←
∇µγµΨ
]
, (8.1)
where κ is the gravitational coupling constant, γµ = eµaγa and
∇µΨ = (∂µ + 14ωµabγab)Ψ , Ψ¯
←
∇µ = Ψ¯(
←
∂ µ − 14ωµabγab) , (8.2)
are the Lorentz covariant derivatives. We consider here first that ωµab is only ωµab(e), i.e. without torsion,
and Rµνab is the expression (7.10) using ωµab(e). The derivatives in (7.10) and (7.9) imply that the action
is a second order action in the independent field eaµ. Therefore, this is called ‘second order formalism’.
Another approach considers eµa and ωµab as independent fields. The action is then only first order in
independent fields, and therefore this is called ‘first order formalism’. We consider first the field equation
for ωµab. Without the fermionic part this would give ωµab = ωµab(e). Therefore, comparing with (7.9)
shows that the fermionic terms determine torsion. In fact, we get the solution as in (7.9) with
ωµ
ab = ωµ
ab(e) +Kµ
ab , Kνab = − 14κ2Ψ¯ γabν Ψ , Tabν = −2Kνab . (8.3)
Thus, using this result, we have the same action as in (8.1), but with another definition of ωµab. To make
the difference explicit, one may rewrite that action by expanding (8.3) and this gives
S = S(T = 0) +
1
32
κ2
∫
dDx e (Ψ¯γµνρΨ)(Ψ¯γ
µνρΨ) , (8.4)
where the first term is (8.1) with the torsionless connection. Due to the smallness of the gravitational
coupling constant, the 4-fermion contact term cannot be measured in practice, but in principle there is a
physical difference between this first and second order action. To obtain local supersymmetric actions, it
turns out that in supergravity similar terms appear which can be understood from the first-order formalism
[6].
9 Outlook
Supergravity is based on the ingredients mentioned in these lectures. In fact, the reader is now well
equipped to study the first supergravity theories.
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